Vortex Lattice Grid Method -1- Panelization of sail

The Vortex Lattice Grid Method for the Calculation of Flow
around Wings of Arbitrary Shape and Infinite Thin Thickness

K. Graf, YRU-Kiel

Vortex Lattice Grid methods are based on the general idea to distribute bound and trailing
vortices on the sail surface. While bound vortices produce lift, trailing vortices account for
three dimensional flow around the wing. According to Helmholtz's law vortice filaments must
either be closed or end at the boundary of the flow domain. In order to produce lift, Kutta’s
law must be satisfied at the leech of the sail, Schlichting and Truckenbrodt [1].

1 Panelization of sail

In the method applied here, the sail is discretized using any combination of triangular and
quadrilateral panels. Panels may be distributed on more than one sail or wing. The sails may
overlap. Fig. 1-1 shows a structured panelization of mainsail and jib of a modern racing rig,
Fig. 1-2 an unstructured panelization of an Americas Cup V4 yacht.
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Fig. 1-1: Panelization of mainsail and jib using quadrilateral panels




Vortex Lattice Grid Method -2- Calculation of vorticity

Fig. 1-2: Panelization of AC V4 yacht including mainsail, jib, canoe body and waterplane

A closed vortex filament of constant vorticity I’ is arranged in each panel i. At any trailing
edge of the wing an additional horseshoe vortex filament is located, having same constant
vorticity as neighbouring panel, however with negative orientation.

Fig. 1-3: Ring and horseshoe vortices

In the centre of each panel a collocation point Pk is arranged. All vortices are arranged at the
exact geometric position of the panel dicretizing the wing. Thus sails of arbitrary shape,
camper ratio and position, as well as sail twist and interaction of mainsail and jib are modelled
accurately.

2 Calculation of vorticity
For details of the following derivation, see f. ex. Juergens [2].

Ring and horseshoe vortices induce velocity, which can be calculated using Biot-Savart law.
For a vortex filament s of constant vorticity I" the velocity induced at an arbitrary point Px is
calculated from:

—T ¢rxds
= 12 2.1

4x I f (21)
where I' is the vorticity and r is a vector from the position Pk where the induced velocity is

calculated to the infinite vector along the vortex filament ds. The integration is carried out
over the entire vortex lines s.

For a straight vortex filament we use the plane defined by the filament and Pk to solve (2.1).
v is directed perpendicular to this plane. The magnitude of v:
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Vortex Lattice Grid Method -3- Calculation of vorticity

can be calculated as follows, see Fig. 2-1. We are using a polar coordinate system r,¢, it's
origin located at the point where the induced velocity will be calculated. A vector (r,0) points
perpendicular to the vortex filament. We then deduce:

rxds| =rdssin 8 =rdscose

rde

For ds we derive ds=——" for an infinite small de.
COoS@
Irxds| dp cose :
Consequently T =——=—"4d¢g using r=a/cose.
r r a

a is a constant for any integration over the straight vortex filament. We thus get:
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Fig. 2-1: Induction of velocitiy due to straight vortex filament

For an arbitrary location of a straight vortex filament, defined by the points Pa and Ps and an
arbitrary point Px where v shall be calculated we use the following expressions:

An arbitrary located single straight vortex filament of constant vorticity I", which runs from
point Pa to Ps,, see Fig. 2-2,induces a velocity vs in point Pk, which can be calculated from:

v, =|v,| ny

where

V| = T (cosa +Cc0sy)
' 4ra

is the magnitude of the induced velocity and
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Vortex Lattice Grid Method -4- Calculation of vorticity

a unity vector in the direction of the induced velocity. nk is oriented perpendicular on the tri-
angle defined by Pa, P and Pk. |vs| is calculated using the following quantities:

Sps T ~S,p T,
cosa =4 cosy=—28-8 a=|r[Vl-cos’a,

A A
The vectors describing the triangle are

r,=P—P,, ,=P,—P; and s,;=P,-P,

Fig. 2-2: Straight vortex line

The vorticities T" are calculated using the boundary condition on the sail surface: the sum of
induced velocity v of all vortex rings and horseshoe vortices and the wind velocity uwind has
no component normal to the sail surface:

(uWind +V)- ng = 0

ns is a the normal unity vector on the sail surface. This boundary condition is established in
the collocation point of each panel Pk. Applying this boundary condition to the collocation
points in all panels the following linear system of equations arises:

> mL =-u;-n,

Here T'j denotes the vorticity of the vortex ring or vortex horseshoe in panel j, ui and ni denote
the wind velocity and the normal unity vector in collocation point i and

1
m; =—V; N

ij
Fi

vij is the velocity induced by the horseshoe or ring vortex j at collocation point i. vjj is calcu-
lated from summation of the velocities induced by the four (three) straight vortex filaments
which form a vortex ring or horseshoe vortex.

my= 2.

filaments 477 aij
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Here ajj is the distance from the filament of horseshoe or ring vortex j to collocation point i,
nij is the unity vector normal to the triangle described by the current filament of horseshoe or
ring vortex j to collocation point i and aij and y;j are the respective angles of the triangle op-
posed to the collocation point i:

a; = ‘rAij ‘, [1-cos’ e

Sy My — S, T
cosa, = ABj " Taij cos z; = aj " Iij
‘SAB j HrAij ‘ ‘SAB j HrBij ‘
Py X Ty
n, =2
Fpij X Fgjj

Here rajj is the vector from the start of the current filament of the horseshoe or ring vortex j to
the collocation point i:

Faij = Pai =Paj

i i

while rg;j is the vector from the second end of the current filament of the horseshoe or ring
vortex j to the collocation point i:

gij = PKi - PBj
sagj IS the vector from the start to the end of the current filament of horseshoe or ring vortex
J:

SaBj :PBj _PAj

3 Calculation of sail forces

After calculation of the discrete vorticities I" the force on a particular straight vortex line k of
the ring vortex j is calculated by

Fi = oL (Uying + V) % (Spg)

Here p denotes the density of the fluid, T'j the vorticity of the straight vortex line k of the pan-
el j, uwind the wind velocity, sag the vector along the vortex filament and ¥ the velocity in-
duced in the centre of the straight vortex filament by all horseshoe and ring vortices discretiz-
ing the sail with the exception of the vortex filament of which the actual forces are calculated
(no self-induction). v can be calculated from:

T n.
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Distance a and angles o and y are calculated as above, however instead of the collocation
point i the centre of the filament has to be taken for the calculation of the radii ra and rg. To
avoid self-induction, the contribution to the induced velocity must be set to zero for a=0.

The moment M is calculated by
M K =Ty ¥ ij
where rjk is a vector to the centre of the filament k of the vortex ring j.

Forces and moments on the complete sail are calculated by summing the discrete forces and
moment for all filaments of any ring and horseshoe vortex.
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